Abstract. We introduce the notion of measurable sensitivity, a measuretheoretic version of the condition of sensitive dependence on initial conditions. It is a consequence of light mixing, implies a transformation has only finitely many eigenvalues, and does not exist in the infinite measure-preserving case. Unlike the traditional notion of sensitive dependence, measurable sensitivity carries up to measure-theoretic isomorphism, thus ignoring the behavior of the function on null sets and eliminating dependence on the choice of metric.
Introduction
Sensitive dependence on initial conditions, which is widely understood to be one of the central ideas of chaos, is a topological, rather than measurable notion. It was introduced by Guckenheimer in [8] . A transformation T on a metric space (X, d) is said to exhibit sensitive dependence with respect to d if there exists a δ > 0 such that for all ε > 0 and for all x ∈ X, there exists an n ∈ N and a y ∈ B ε (x) such that d(T n (x), T n (y)) > δ. The notion of sensitive dependence has been studied extensively and the reader is referred to [3] , [7] and [2] for recent results. The relationship between measure theoretic notions, such as weak mixing, and sensitive dependence is studied in [7] , [2] , [4] , and [10] . A stronger notion of sensitivity, called strong sensitivity, was introduced by [1] . A transformation T on a metric space (X, d) is said to exhibit strong sensitive dependence with respect to d if there exists a δ > 0 such that for all ε > 0 and for all x ∈ X, there exists an N ∈ N so that for all integers n ≥ N there exists a y ∈ B ε (x) such that d(T n (x), T n (y)) > δ. Both sensitive dependence and strong sensitivity are topological notions, depending on both the choice of metric and the behavior of the transformation on null sets. We introduce the notions of measurable sensitivity and weak measurable sensitivity, which are ergodic-theoretic versions of strong sensitive dependence and sensitive dependence, respectively.
In Section 2 we show that a doubly ergodic (a condition equivalent to weak mixing for finite measure-preserving transformations) nonsingular transformation is weak measurably sensitive, that a lightly mixing nonsingular transformation (for example, a mixing finite measure-preserving transformation) is measurably sensitive, and that measurable sensitivity does not imply weak mixing. In Section 3 we show that if an ergodic nonsingular transformation T is measurably sensitive, then there exists an integer n > 0 so that T n has n invariant subsets, and the restriction of T n to each of these subsets is weakly mixing. Section 4 shows that if an ergodic finite measure-preserving transformation T is measurably sensitive, then there is an integer n so that T n has n invariant sets of positive measure covering X a.e. and such that the restriction of T n to each is lightly mixing. The final section shows that an ergodic infinite measure-preserving transformation cannot be measurably sensitive (though it can be weak measurably sensitive by Section 2).
All of our spaces are Lebesgue spaces with a probability or a σ-finite measure defined on them. We assume the measures to be regular.
Throughout the paper, (X, S(X), µ) denotes a Lebesgue space X with a positive, finite or σ-finite non-atomic measure µ, and S(X) the collection of µ-measurable subsets of X. It is a standard fact that any two such spaces are isomorphic under a nonsingular isomorphism. We let d denote a metric on X. We shall say that a metric is good if all nonempty open sets have positive measure. When X has a good metric we assume the measures defined on X are regular. For convenience, given two non-empty sets A and B in a space X with metric d, define d(A, B) = inf{d(a, b) : a ∈ A, b ∈ B}. Definition 1.1. Let (X, µ, T ) be a nonsingular dynamical system. T is measurably sensitive if whenever a dynamical system (X 1 , µ 1 , T 1 ) is measure-theoretically isomorphic to (X, µ, T ) and d is a good metric on X 1 , then there exists a δ > 0 such that for all x ∈ X 1 and all ε > 0 there exists an N ∈ N such that for all integers
Let (X, µ, T ) be a nonsingular dynamical system. T exhibits weak measurable sensitivity if whenever a dynamical system (X 1 , µ 1 , T 1 ) is measuretheoretically isomorphic to (X, µ, T ) and d is a good metric on X 1 then there exists δ > 0 such that for all x ∈ X and ε > 0 there exists an n ∈ N such that µ 1 {y ∈ B ε (x) :
The real number δ in the above definition is referred to as a sensitivity constant. Example 1.3. Consider a measure space X consisting of two copies of the circle S 1 , labeled S 1 and S 2 . Define a metric d on X as follows: for two points x ∈ S i and y ∈ S j , if i = j define d(x, y) to be the the minimal arclength between points x and y, and if i = j we let d(x, y) = r for some fixed r > π 2 . In each copy of S 1 , pick out the orbit of a fixed point z under a fixed irrational rotation R on S 1 , and denote this set by M . Define T : X → X as follows: for x ∈ M , let T (x) = x, and for x ∈ X \ M , let T (x) map x to R(x) in the other copy of S 1 . Because the points in M go "far away" from those in M c , it is clear that the system exhibits sensitive dependence, but without this null set sensitive dependence would fail. Thus, the system does not exhibit measurable or weak measurable sensitivity. In fact, T n (B ε (x)) = B ε (R 2 (x)) for all n = 0 (mod 2). Proposition 1.4. Let X be an interval of finite length in R and let d be the standard Euclidean metric on X. If a continuous transformation T : X → X is sensitive with respect to d, then T is strongly sensitive with respect to d.
Proof. Suppose T is sensitive with sensitivity constant δ. Let I 1 ,...,I n be disjoint (except at endpoints) intervals with closed or open endpoints which cover X and each have length shorter than δ 2 . Every interval of length at least δ must contain one of these intervals. Since T is sensitive, for each 1 ≤ j ≤ n there must exist a natural number m j so that T mj (I) has length at least δ. Consequently, for any interval I with length at least δ, and any n ∈ N, T n (I) contains one of T k (I i ) where 1 ≤ i ≤ n and 1 ≤ k ≤ m i . Let δ ′ be one third of the minimum of the lengths of these intervals. Let x ∈ X and ε > 0. Since T is sensitive, there must be some k 0 so that T k0 (B ε (x)) contains an interval of length δ and hence for any k > k 0 , T k (B ε (x)) contains an interval of the length at least 3δ ′ and hence contains a point whose distance is at least δ ′ from T k (x). Hence, T is strongly sensitive with strong sensitivity constant δ ′ . 
Mixing Notions and Measurable and Weak Measurable Sensitivity
We begin by proving that double ergodicity implies weak measurable sensitivity. A nonsingular transformation is said to be doubly ergodic if for all sets A and B of positive measure there exists an integer n > 0 such that µ(T −n (A) ∩ A) > 0 and µ(T −n (A) ∩ B) > 0. Double ergodicity is equivalent to weak mixing for measurepreserving transformations on finite measure spaces [6] , but strictly stronger than weak mixing in the infinite measure-preserving case [5] .
Proposition 2.1. If (X, µ, T ) is a nonsingular, doubly ergodic dynamical system, then T exhibits weak measurable sensitivity. In particular, weakly mixing, finite measure-preserving transformations exhibit weak measurable sensitivity.
Proof. Let (X 1 , µ 1 , T 1 ) be measure-theoretically isomorphic to (X, µ, T ), and let d be a good metric on X 1 . By the definition of a good metric, there exist sets A and C of positive measure in S(
We now turn our attention to measurable sensitivity and light mixing. Recall that a system (X, µ, T ) on a finite measure space is said to be lightly mixing if lim inf n→∞ µ(T −n (A) ∩ B) > 0 for all sets A and B of positive measure.
is a nonsingular, lightly mixing dynamical system, then T is measurably sensitive.
Proof. Let (X 1 , µ 1 , T 1 ) be measure-theoretically isomorphic to (X, µ, T ), and let d be a good metric on X 1 . By the definition of a good metric, there exist sets
. Let x ∈ X 1 and ε > 0. By light mixing, there exists an N ∈ N such that for any integer
cannot be within δ of both A and C. As T n 1 (B ε (x)) intersects both A and C in sets of positive measure,
In Proposition 4.4, we prove that a finite measure-preserving, weakly mixing transformation that is not lightly mixing is not measurably sensitive (but is weak measurably sensitive). Lemma 2.3. If T 1 is a finite measure-preserving lightly mixing transformation on (X, µ) and T 2 is a rotation on two points, then T × S is measurably sensitive and ergodic but not weakly mixing.
Proof. It is well known that all powers of T are lightly mixing. We claim that T × S is measurably sensitive.
2 acts as a lightly mixing transformation on X × {1} and X × {2}. Let (S, Y ) be isomorphic to (T 1 × T 2 , X × {1, 2}) and let g : X × {1, 2} → Y be the corresponding isomorphism of measure spaces. Under a good metric on Y , there exist sets A i and B i in g(X × {i}) with a positive distance between A i and B i . Any ball B ǫ (y) will intersect at least one of g(X × {1}) and g(X × {2}) with positive measure. Then, as a consequence of light mixing, for n sufficiently large, either both S −n (A 1 ) and S −n (B 1 ) or both S −n (A 2 ) and S −n (B 2 ) intersect B ǫ (x) with positive measure. Consequently, S exhibits strong sensitive dependence with a sensitivity constant δ = min{d(A 1 , B 1 }, d(A 2 , B 2 )}. Hence, S is strongly sensitive. As T 2 is ergodic and T 1 is weakly mixing, T 1 × T 2 is ergodic. Finally, T 1 × T 2 is not weakly mixing since −1 ∈ e(T 1 × T 2 ), the eigenvalue group of T 1 × T 2 .
Measurable Sensitivity and Eigenvalues
We now show that if an ergodic nonsingular transformation is measurably sensitive, then it can have only finitely many eigenvalues.
e. Also, if T is ergodic and finite measure-preserving, its L 2 eigenfunctions are in L ∞ .) This is used to give a further characterization of measurably sensitive transformations. All (L ∞ ) eigenvalues of ergodic transformations lie on the unit circle. We refer to an eigenvalue as rational if it is of finite order and irrational if it is not. Lemma 3.1. Suppose an ergodic nonsingular transformation T : X → X has an eigenfunction f with an eigenvalue that is of the form exp(2πiq) with q irrational, with |f | = 1. Then for any measurable set A ⊂ S 1 of positive Haar measure, the backwards orbit of the set f −1 (A) equals X mod µ.
Proof. Define h :
. The pushed measure µ • f −1 that is invariant under h must be Haar measure as h is an irrational rotation. Then
Lemma 3.2. Suppose an ergodic nonsingular transformation T : X → X has an eigenfunction f with an eigenvalue that is of the form exp(2πiq) with q irrational. Then T is not measurably sensitive.
Proof. Assume that |f | = 1. Construct a nonsingular isomorphism from (X, µ) to [0, 1) as follows. As a consequence of Lemma 3.1 and countable subadditivity, each of the sets f −1 (exp(i(2 1−n π, 2 2−n π])) has positive measure. Then for n ≥ 1, there exist nonsingular isomorphisms g n from f −1 (exp(i(2 1−n π, 2 2−n π])) to (2 −n , 2 −n+1 ) with Lebesgue measure. Let g be the point map associated with g n on f −1 (exp(i(2 1−n π, 2 2−n π])) for each positive n. We now define a new metric d on X given by d(x, y) = |g(x) − g(y)|. As each isomorphism is nonsingular and open sets have positive measure under Lebesgue measure, d is a good metric. Let x ∈ X be a point so that |g(x) − 2 −n | < 2 −n−1 and let ε < 2
. Let h be a translation by q on R/Z. Then there is a sequence {m k } ∞ k=1 for which
As n tends to infinity, 2 2−n tends to zero, and so there is no possible sensitivity constant. Hence, T is not measurably sensitive. 
Let g i be a nonsingular isomorphism from C i \C i+1 to (2 −i−1 , 2 −i ) with Lebesgue measure. Let N be the backwards orbit of ∞ i=1 C i , where none of the maps g i are defined. This must have measure zero. Then let g : X\N → X\N be the union of the maps g i . Let T ′ be the restriction of T to X\N . Let d be a metric on X\N defined by d(x, y) = |g(x) − g(y)|. This metric is good since each map g i is nonsingular. Choose a point x ∈ C i \N and let ε be small enough so that
ε (x)) ⊂ C i \N . Any two points in C i \N can have a distance of at most 2 −i between them and so any sensitivity constant δ for T ′ would have to be at most 2 −i . Consequently, there can be no positive sensitivity constant, and T is not measurably sensitive. Proposition 3.5. If an ergodic, nonsingular transformation T : X → X is measurably sensitive, then for some n ∈ N, T n has n invariant subsets and the restriction of T n to each of these subsets is weakly mixing.
Proof. By Corollary 3.4, T must have finitely many eigenvalues. The eigenvalues form a cyclic group of finite order n. Let f be an eigenfunction whose eigenvalue has order n. Then the sets
n . First, we show that the restriction of T n to each of these sets is ergodic. Suppose there exists a T n -invariant set C of positive measure. Notice that since T −n (C) = C, then n−1 i=0 T −i (C) is T -invariant, and thus equals X mod µ. Each of T −i (C) for 0 ≤ i ≤ n − 1 must be contained in A k for a different k and so C ∩ A k = A k mod µ for all k. Hence, the restriction of T n to A k is ergodic for 0 ≤ k ≤ n − 1.
Next, we prove that the restriction of T n to any of these sets admits no eigenvalues other than 1. Suppose T n restricted to A 0 admits an eigenvalue λ = 1.
. Then h will be an eigenfunction of T which will have order greater than n. Thus the restriction of T n to A i for each 0 ≤ i ≤ n − 1 is ergodic and admits no eigenvalues other than 1. Thus, the restriction must be weakly mixing. Corollary 3.6. A totally ergodic, measurably sensitive transformation is weakly mixing.
Measurable Sensitivity for Finite Measure-preserving Transformations
In this section, we consider measurable sensitivity for measure-preserving transformations on finite measure spaces. Considering only such spaces, Proposition 3.5 is strengthened to include a requirement of light mixing. We assume spaces have total measure one. 
Proof. From the definition of lightly mixing, we may assume that there are sets C and D of positive measure so that lim inf n→∞ µ(C ∩ T −n (D)) = 0. Choose an increasing sequence of distinct natural numbers
The proof of the following lemma is standard and is omitted. Lemma 4.3. Let T : X → X be a finite measure-preserving, weakly mixing and not lightly mixing transformation. Then there exist sequences of measurable sets
satisfying the following properties.
Proof. We let C 1 , D 1 , and {n k } ∞ k=1 be as defined in Lemma 4.1. They clearly satisfy properties 1-3 and property 6. For the inductive step, assume that C i and D i have been chosen to satisfy these properties for all i ≤ j. As a consequence of weak mixing, there is a zero density subset
As a result, the set of values n with µ(T −n (C j )∩C j ) > 0 has density 1. Similarly, there exists a zero density subset E 2 ⊂ N such that
Consequently, there is a natural number m j so that µ(
2 ). For positive integers j, we let 
Property 5 follows from property 4 and the fact that T −n k (D i ) and C i must be disjoint.
Proposition 4.4. If T : X → X is weakly mixing, finite measure-preserving and not lightly mixing, then T is not measurably sensitive.
Proof. The space X can be decomposed as
where C 0 = X and D 0 = ∅ and C i and D i are as in Lemma 4.3. Let g i,j be a nonsingular isomorphism from (
with Lebesgue measure whenever (C i \C i+1 )∩(D j+1 \D j ) has positive measure. Let N be the backwards orbit of the points where no g i,j is defined. This set has measure zero, so the restriction of T to X\N is isomorphic to T . Let T ′ denote this restriction. Define function g on X\N by letting g(x) = g i,j (x). Then d(x, y) = |g(x) − g(y)| is a metric on X\N . A ball around a point x ∈ X\N must have positive measure as each of the maps g i,j is nonsingular, so the metric is good. Note that g(D j ) ⊂ (2 −j , 1) and g(D 
. Since any sensitivity constant δ must be smaller than 2 −i for each positive integer i, there is no possible sensitivity constant. Hence, T ′ does not exhibit strong sensitive dependence for any good metric d and so T is not measurably sensitive. 
We may assume that r < 1.
Hence, T ′ is not strongly sensitive and so T is not measurably sensitive.
Theorem 4.6. Let T be an ergodic transformation on a finite measure Lebesgue space X. If T is measurably sensitive, then there is some positive integer n so that T n has n invariant sets of positive measure which cover almost all of X, and the restriction of T n to each of the sets is lightly mixing.
Proof. Suppose T is measurably sensitive. By Proposition 3.5, there are n invariant sets for T n , each of positive measure. Every power of a measurably sensitive transformation is clearly measurably sensitive, so T n must be measurably sensitive. By Lemma 4.5, the restriction of T n to any of the sets must be measurably sensitive and, by Proposition 3.5, the restriction must be weakly mixing. Consequently, Proposition 4.4 indicates that the restriction must be lightly mixing.
Infinite Measure Spaces
While the existence of finite measure-preserving, measurably sensitive transformations is implied by the existence of lightly mixing finite measure-preserving transformations, there is no corresponding notion of light mixing for the infinite measure-preserving case. In fact, we show that there are no ergodic, infinite measure-preserving, measurably sensitive transformations. There exist nonconservative ergodic nonsingular transformations that are measurable sensitive; for example let T : X → X be a finite measure-preserving mixing transformation and define S : X × N → X × N by S(x, n) = (T x, n − 1) if n > 1 and S(x, 1) = (T x, 2). 
The set C i has positive measure, is contained in D i+1 and T n i,k (C i ) ∩ D i = ∅ for every natural number k. Let g i be a nonsingular isomorphism from C i to (2 −2i , 2 −2i+1 ) with Lebesgue measure and let h i be a nonsingular isomorphism A i+1 \C i to (2 −2i+1 , 2 −2i+2 ) with Lebesgue measure whenever A i+1 \C i has positive measure. Let N be the set where none of the functions h i and g i are defined as well as their backwards orbits. This set must have measure zero due to the nonsingularity of T and so T ′ , the restriction of T to X\N , is measurably isomorphic to T . Let g : X\N → (0, 1) be equal to whichever of h i and g i is defined. Note that
A ball in metric d around any point in X\N must have positive measure as each isomorphism is nonsingular and so the metric is good. Let x ∈ C i \N . For sufficiently small ε > 0, −2i+1 between them, any sensitivity constant must be at most 2 −2i+1 . Consequently, T ′ does not exhibit strong sensitive dependence in this metric. As the metric is good, T is not measurably sensitive.
Although an infinite, ergodic, measure-preserving dynamical system (X, µ, T ) cannot be measurably sensitive, it can, however, exhibit the desired property with respect to a good metric.
Proposition 5.2. Let (X, µ, T ) be the Hajian-Kakutani Skyscraper and d the standard Euclidean metric X. Then there exists δ > 0 such that for all x ∈ X and all ε > 0 there exists N ∈ N such that µ{y ∈ B ε (x) : d(T n (x), T n (y)) > δ} > 0 for all integers n ≥ N .
Proof. The Hajian-Kakutani Skyscraper is an infinite measure-preserving, invertible, ergodic, rank-one transformation constructed from a recursively defined sequence of columns consisting of left-open, right-closed intervals. C 0 consists of (0, 1], and C n+1 is formed from C n by cutting C n into two equal pieces, placing 2h n spacers, which we denote S n+1 , above the right-hand half of C n , and stacking right-over-left. The number of levels in column C n is denoted h n . Refer to [9] for a full description of the construction.
We begin with some remarks about the structure of column C k , for k ≥ 1. C k consists of 4 subcolumns of height h k−1 ; the bottom two subcolumns are points in C k−1 , and the top two are points in S k . S k+1 may be thought of as consisting of 8 subcolumns of height h k−1 and width half that of those in C k positioned above the right half of C k . For convenience, we refer to these subcolumns in order from bottom to top by K 1 to K 12 . Let δ <
Denote the left half of I by L and the right half by R. Since T l k +8h k−1 (I) contains the top level of column C k+1 , there exists a unique j ∈ {1, ..., 8} such that (j − 1)h k−1 < n − l k ≤ jh k−1 . Then T n (L) ⊂ K j and T n (R) ⊂ K j+4 . When j = 1, T n (L) ⊂ K 1 ⊂ C k−1 and T n (R) ⊂ K j+4 ⊂ S k+1 , so S k lies between T n (R) and T n (L) on the real line. As µ(S k ) > 1, d(T n (L), T n (R)) ≥ 1. For 2 ≤ j ≤ 8, K j+3 lies between T n (R) and T n (L) on the real line and as µ(K j+3 ) ≥ , T n (x) cannot be within δ of both T n (L) and T n (R). Hence µ{y ∈ B ǫ (x) : d(T n (x), T n (y)) > δ} > 0.
